Summary We study the large time limiting properties of a Lévy process in a symmetric space of noncompact type, both pathwise and in terms of distribution.
In this paper, we will study the limiting properties of a Lévy process x t in a symmetric space G/K of noncompact type. In this case, G is a connected noncompact semisimple Lie group with a finite center, and K is a maximal compact subgroup (necessarily connected). The path limiting properties of the Lévy process x t in G/K may be derived directly from those of a Lévy process g t in G, established in Liao [8] following the basic ideas for G-valued random walks in Guivarc'h-Raugi [3] . In this paper, for the Lévy process x t in G/K, we will first obtain some of these properties, including the radial convergence, directly without resorting to the results in [8] . We will then derive the remaining path limiting properties from the results in [8] . An important advantage of our approach is that the complicated conditions such as the total irreducibility and existence of a contracting sequence in [8, Theorem 6.4] need not be assumed, and the integrability condition in [8, Theorem 7 .1] is also weakened.
For a Brownian motion x t in G/K, Anker-Setti [1] shown, in terms of heat concentration, that the distribution of x t is concentrated in the K-orbit of a "small" ball in the Weyl chamber that moves to infinity at a constant rate. Babillot [2] provided a simpler probabilistic proof. In this paper, we will extend this result to Lévy processes in G/K and we will also strengthen it by obtaining an explicit bound for the speed of convergence.
We will study the limiting properties of the Lévy process x t under two decompositions: the polar and the Iwasawa decompositions. The polar decomposition possesses a nice geometric structure and, because of K-invariance, the radial component of x t under this decomposition determines the distribution of the process. Therefore, our main results will be stated for the radial component. On the other hand, the abelian component under the Iwasawa decomposition is a Euclidean Lévy process and hence its limiting properties may be obtained by explicit computations. A simple geometric lemma relating the two decompositions will then allow us to derive the corresponding results for the radial component.
Generator of Lévy process
Let G be a semisimple Lie group of noncompact type and of a finite center with Lie algebra g, and K be a maximal compact subgroup with Lie algebra k. Under this setup, we will use the standard results and notation in Helgason [4] freely. Thus, g = k ⊕ p is the Cartan decomposition of g with p being an Ad(K)-invariant subspace of g, a is a maximal abelian subspace of p, a + is a fixed (open) Weyl chamber (⊂ a). Let n be the nilpotent Lie subalgebra spanned by negative root spaces, and let A and N be respectively the Lie subgroups of G generated by a and n. The Cartan decomposition G = K exp(a + )K on G induces the polar decomposition G/K = K exp(a + )o on G/K, where a + is the closure of a + , and the Iwasawa decomposition G = N exp(a)K induces the decomposition G/K = N exp(a)o. Thus, any x ∈ G/K may be written as x = k exp(H + )o = n exp(H)o for unique H + ∈ a + , H ∈ a and n ∈ N , and some k ∈ K. The choice for k in not unique, but when H + ∈ a + , all possible choices are given by km for m ∈ M , where M is the centralizer of A in K. The H + is called the radial component and the kM angular component of x ∈ G/K. Note that in [4] , n and N are generated by positive root spaces.
The Killing form on g induces an Ad(K)-invariant inner product on g, with X as the associated norm for X ∈ g, and a G-invariant Riemannian metric on G/K. 
where T is a second order G-invariant elliptic differential operator on G/K (possibly degenerate) with no constant term and Π is a K-invariant measure on G/K, called the Lévy measure of x t , that satisfies
for any neighborhood U of o, where U c is the complement of U . Moreover, given T and Π as above, there is a Lévy process in G/K, unique in the sense of distribution, such that its generator satisfies (1).
We will derive an explicit form for T , the diffusion part of the generator L. There is a differential operator T on G, both left G-invariant and right K-invariant, such that T is induced by T in the sense that (T f )
for some constants a ij with a ij = a ji and X ∈ p, where X l denote the left invariant vector field on G induced by X for any X ∈ g. The K-invariance of T implies that X = Ad(k)X for k ∈ K. Since K Ad(k)Xdk = 0 (see [8, Lemma 7.2] ), where dk denotes the normalized Haar measure on K, we see that X = 0.
The symmetric matrix a ij determines a symmetric bilinear form B on p, by setting B(X i , X j ) = a ij , that is invariant under the adjoint action Ad(K). Under the basis of p chosen above, Ad(K) is a subgroup of orthogonal transformations on the Euclidean space p. By Appendix 5 in [7] , such a bilinear form is a multiple of the standard Euclidean inner product if the action Ad(K) on p is irreducible, that is, if it has no non-trivial invariant subspace. In this case, a ij = aδ ij for some constant a ≥ 0 and T = (a/2)∆, where ∆ is induced by 
for some constants a i ≥ 0, where
requires that k does not contain a non-trivial ideal of g. However, by factoring out the associated normal subgroup, the symmetric space G/K is still the same and hence this condition may be assumed to hold without loss of generality. If all a i > 0, we will say the generator L has a non-degenerate diffusion part T .
Abelian component under Iwasawa decomposition
Lévy process in G with g 0 = e such that x t = g t o in distribution and let g t = n t a t k t be the Iwasawa decomposition G = N AK. Then y t = n t a t is a process in the solvable Lie group Y = N A.
Proposition 1 y t is a Lévy process in Y and H t is a Lévy process in the Euclidean space a.
Then g s is independent of g t and has the same distribution as g s . Let k t g s =ñ sãsks be the Iwasawa decomposition and letỹ s =ñ sãs . Because of the independence of g t and g s , we can take the underlying probability space to be a product space Ω × Ω , and write
has the same distribution as g s for fixed ω. 
for any two functions f and h on Y . Since y t+s = y tỹs , this proves that y t is a Lévy process in Y . Consequently, a t is a Lévy process in the abelian group A since the natural projection from N A to A is a group homomorphism. Then H t = log a t is a Lévy process in a.
2
We will assume the Lévy measure Π has a finite first moment off a neighborhood of o, that is,
Let J: G/K → a be the map defined by the Iwasawa decomposition G/K = N exp(a)o. The Lévy measure of the Lévy process H t in a is η = JΠ. By [8, Proposition 7.1], J(x) ≤ x , and hence
Therefore, by the theory of Lévy processes in Euclidean spaces, see for example Sato [10] , H t has the following Lévy -Itô representation:
where H * is a vector in a, B t is a Brownian motion in a (not necessarily standard), andÑ is a compensated Poisson random measure in R + × a with Lévy measure η.
Theorem 2 Assume (4). Then almost surely,
Proof It is well known that
. Then x n are iid (independent and identically distributed) a-valued radnom variables with E(x n ) = 0. Thus, by the SLLN (strong law of large numbers),
Thenx n are iid non-negative and, by Doob's norm inequality, E(x 2 n ) < ∞. By the SLLN, n i=1x i /n converges to a finite limit and hencē 
Note that x n ≤x n and E[
n i=1x i /n converges to a finite limit and hencē
The vector H * We will now derive an explicit expression for the vector H * appearing in (5) and (6) . LetL be the generator of H t . Since H t is a Lévy process in the Euclidean space a and its Lévy measure η has a finite first moment outside a neighborhood of 0, by [10, Theorem 31.5], for f ∈ C ∞ c (a) and x ∈ a,Lf (x) takes the following form:
where H * i is the i-th component of H *
and {A ij } is the covariance matrix of the Brownian motion B t . Let f n be an a valued function such that f n (H) = H for H ≤ n, f n (H) = 0 for H > n + 1 and f (H) ≤ H for all H ∈ a. Theñ
On the other hand,
By (1) and (3),
)(o)]Π(dx).
Let ρ be the half sum of positive roots, well known in the representation theory, and let H ρ be the element of a representing ρ under the inner product induced by the Killing form. It is shown in [2] (see also [5, II.Proposition 3.8]) that ∆(f • J) = (∆ a + 2H ρ )f , where ∆ a is the Laplace operator on the Euclidean space a and the vector H ρ is regarded as a vector field on a. Note that in [2] and [5] , N is generated by positive root spaces instead of by negative ones as defined here, so there is a sign difference in the above expression for ∆(f • J).
When the adjoint action Ad(K) on p is not irreducible, a = k i=1 a i with a i = a ∩ g i . Any root, as a nontrivial linear functional on a, is restricted to a root on some a i (relative to g i ) that vanishes on all other a j . Let ρ i be the half sum of positive roots on a i and let
With f n defined earlier,
Note that the above iterated integral exists but the double integral may not. It follows that
Comparing (7) and (8), we obtain
as n → ∞, and we obtain an explicit expression for H * .
Note that the iterated integral in (9) exists, but the corresponding double integral may not be absolutely integrable, so we cannot interchange the order of integration. However, if we assume the Lévy measure Π has a finite first moment on G/K, that is, if G/K x Π(dx) < ∞, a condition that is stronger than (4), then the double integral is absolutely integrable and using the K-invariance of Π, (9) may be written as
where J + : G/K → a + is the map defined by the polar decomposition G/K = K exp(a + )o. By [9] , for x ∈ G/K with polar decomposition x = ke To summarize, we have 
Theorem 3 Assume (4), that is, the Lévy measure Π has a finite first moment off a neighborhood of o. Then H * in (5) and (6) has expression (9) and belongs to a + . Moreover, if one of the above conditions (a), (b) or (c) holds, then H

Radial convergence
Let N + be the nilpotent subgroup of G generated by positive root spaces. Note that in [4] , N + is denoted as N and our N here is denoted asN . As before, for x ∈ G/K, let Then n 1 , a 1 and k 1 vary over relatively compact subsets of N , A and K respectively. We have
Since both a and a 1 vary over relatively compact subsets of A, it follows that H + − H varies over a relatively compact subset of a. This proves the first part of the lemma. The second part follows from the observation that all the relatively compact subsets above can be made arbitrarily small when V is sufficiently small.
o be respectively the polar and the Iwasawa decompositions of our Lévy process in G/K. We have, for any ε > 0,
The K-invariance of the distribution of x t implies that the above holds with V replaced by kV = {kv; v ∈ V } for any k ∈ K. Since K can be covered by finitely many sets of the form kV , we obtain that
for some C > 0. By Theorem 2, under (4) In the next section, we will show that (1/t)H + t actually converges to H * almost surely. 
Remark 1 Let P t be the transition semigroup of the Feller process
where H * is given by (5) and belongs to a + .
Proof We have shown that (1/t)H t → H * almost surely. Let g t be a K-conjugate invariant Lévy process in G starting at e such that x t = g t o in distribution. See [8, Theorem 2.2] for the relation between the generators of x t and g t . Let g t = k t exp(H + t )h t = n t exp(H t )η t be respectively the Cardan and the Iwasawa decompositions. Let S be the smallest closed subset of G that is closed under multiplication and contains the support of the process g t , which is denoted by T µ in [8] . By [8, Theorem 6.4] , if S = G, then n t and k t M converge. By [8, Theorem 6 .1], the convergence of n t and (1/t)H t implies that H + t − H t is bounded in t, and hence (1/t)H + t converges to H * . Therefore, it suffices to show S = G. First assume Π = 0. Then the generator of x t is non-degenerate. The generator T of g t given by Theorem 2.2 in [8] is a degenerate G-invariant differential operator. We may add to T a proper non-degenerate differential operator on K such that T becomes non-degenerate and the resulting process g t still satisfies x t = g t o in distribution. Therefore, we may assume T is non-degenerate. Then by the support theorem of diffusion processes, S = G. Now assume Π = 0. By the proof of Theorem 2.2 in [8] , the Lévy measure Π This means that the distribution of H + t is concentrated in a ball of radius R(t) that moves to ∞ at a constant rate. The ball is "small" in the sense that the angle subtended by the ball viewed at the origin, in the order of R(t)/t with R(t) = t α and 1/2 < α < 1, tends to 0. For Brownian motion, this was proved in [1] in terms of heat concentration. A simpler probabilistic proof was given in [2] . In this section, besides extending this result to the Lévy process x t in G/K, we will obtain an explicit bound for the speed of convergence in (15) that tends to 0 in either power or exponential form, depending on the condition imposed on the Lévy measure Π.
We will assume that Π has a finite second moment, that is,
Note that (16) implies (4). Because J(x) ≤ x , we see that η also has a finite second moment. By (5) and Chebyshev's inequality,
for some constant b > 0. This proves that there is a constant C such that for any t > 0,
By Lemma 4, there are neighborhood V of e in K and r > 0 such that
Since K can be covered by finitely many sets of the form kV for k ∈ K and R( 
We will now show that the bound Ct/R(t) 2 in (18) maybe replaced by an exponential bound under the following condition.
∃ε > 0 such that 
Note that (19) is stronger than (4) 
